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Abstract 

We establish an existence /i-principle for symplectic cobordisms of dimension 2n > 4 with 
concave overtwisted contact boundary. 


1 Introduction 

We say that (W,ca,is a symplectic cobordism between contact manifolds 
{dW±,t,±) if hh is a smooth cobordism between d-W and i9+hh, and ca is a sym¬ 
plectic form which admits a Liouville vector held Z near dW, i.e. a vector held 
which satishes d{i{Z)u) = u, which is inward transverse to d-W, outward trans¬ 
verse to (9+hh and such that the contact forms A± = i{Z)uj\Qw± dehne the contact 
structures By a Liouville cobordism (W, A, .^+) between contact manifolds 
{dW±,t,±) we mean a symplectic cobordism {W,cj) between (i9hf±,^±) with a hxed 
primitive A, dX = u, and such that the ca-dual to A Liouville vector held Z is inward 
transverse to d-W and outward transverse to d+W. 

An obvious necessary condition for hnding a symplectic cobordism structure between 
contact manifolds {d-W,t,-) and ((9+hL,.^+) on a hxed smooth cobordism W is exis¬ 
tence of an almost symplectic cobordism structure; that is a non-degenerate but not 
necessarily closed 2-form p on W which coincides near d±W with dX±. We call such 
p an almost symplectic cobordism structure. The homotopy class of a formal sym¬ 
plectic structure is determined by a homotopy class of an almost complex structure 
J tamed by p for which are J-complex subbundles (existence and uniqueness). 
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The following theorem is the main result of the paper: 

Theorem 1.1. Let W be a smooth cobordism of dimension 2n > 2 between con¬ 
tact manifolds {d±W,f±), which are both non-empty. Let p be an almost symplectic 
cobordism between and (5+lT,^+). Suppose that 

• the contact structure is overtwisted; 

• if n = 2 the contact structure is overtwisted as well. 

Then there exists a Liouville cobordism structure (IT, A, C+) such that dX and rj are 
in the same homotopy class of almost symplectic structures relative to the boundary. 


Any stable almost complex structure on an odd-dimensional manifold is realized 
by an overtwisted contact structure |1]. Thus the above theorem implies that any 
smooth cobordism IT with non-empty boundaries which admits an almost complex 
structure also admits a structure of a symplectic cobordism between two contact 
manifolds. 

The notion of an overtwisted contact manifold was introduced in [1] in dim = 3 
and extended to the general case in [1]. Without giving precise definitions, which 
will be not important for the purposes of this paper, we summarize below the main 
necessary for us results about overtwisted contact structures. Part 1 of the following 
theorem is proven in |T] for the case n > 1 and in |1] for n = 1. Part 2 is proven in 
[2], see also Theorem 10.2 in [T]. 

Theorem 1.2. 1. Let rj be an almost contact structure on a {2n 1)-dimensional 
manifold M which is genuinely contact on a neighborhood Op A of a closed subset 
A C M. Then there exists an overtwisted contact structure ^ on M which coincides 
with Tj on a neighborhood of A and which belongs to the same homotopy class of 
almost contact structures as rj (relative to A). Moreover, any two contact structures 
which coincide on Op A, overtwisted on every connected component of M \ A and 
homotopic rel. A as almost contact structures are isotopic rel. A. 

2. Let (M, {a = 0}) be an overtwisted contact manifold and the disc of 

radius R in endowed with a Liouville form /i = xdy — ydx. Then for a sufficiently 
large R the product (M x {a © /i = 0}) is also overtwisted. 


We note that any contact manifold of dimension > 1 can be made overtwisted without 
changing the almost contact structure by a modification in a neighborhood of one of 
its points, and that any two definitions of overtwistedness for which Theorem 1.2 1 
holds are equivalent. 
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With any closed form uj on W which is equal to d\± on d±W one can canonically 
associate a cohomology class [tu] G H‘^{W,dW). Indeed, take any 1-form A on W 
extending \± Then the cohomology class of [uj — dX] G H^{W,dW) is independent 
of a choice of the extension A. 


Corollary 1.3. Under the assumptions of Theorem 


cobordism structure u on W between and so that [u 
cohomology class a G H‘^{W,dW). 


IJ] we can find a symplectic 
is equal to any given 


Indeed, let A be the Liouiville from provided by Theorem |1.11 , and let a be any closed 
form with compact support representing a G H‘^{W,dW). Then for a sufficiently 
large constant C the form uj = CdX + cr is symplectic and has the required properties. 


If n > 2 then for any contact structure f on djfiV there is a Liouville concordance 
(i.e. a Liouville cobordism diffeomorphic d+W x [0,1]) between ^ on the positive end 
and an overtwisted contact structure ^ot on the negative one, see [2] and Corollary 
|2.4| below. Hence, it is sufficient to prove Theorem IW for the case when both contact 
structures are overtwisted. 


Given a 2n-dimensional manifold X with boundary dX^ a symplectic form cu on a 
X\p, p E M, and a contact structure f on dX, we say that (X,cu,^) is a symplectic 
domain with a conical singularity at p and a contact boundary {dX,^) if {dX,^) is 
a positive contact boundary in the above sense, and near p the radial vector held 
centered at p is Liouville for u. In other words, on a ball centered at p the form u is 
symplectomorphic to the negative part of the symplectization of a contact structure 
C on the boundary sphere We will call the link of the singularity 

p. Equivalently, a symplectic structure a; on X with a conical singularity at p can 
be viewed as a symplectic cobordism structure on X = X \ Int B, where H is a ball 
centered at p, between a contact structure C on the sphere OB as its negative end 
and (cIX, as the positive one. 


Of course, if the contact structure ^ is standard then the form extends to a non¬ 
singular symplectic form on the whole X. Note that if C, is overtwisted then according 
to Theorem 1 it is uniquely determined up to isotopy by the homotopy class of a 
tamed by u almost complex structure on a punctured neighborhood of p. 

The following result is a special case of Theorem |1.1 


Theorem 1.4. Let X be a compact 2n-dimensional manifold, with non-empty bound¬ 
ary dX, ^ a contact structure on dX, and rj a non-degenerate 2-form on X\p, p E X, 
which is equal do dX near dX so that f = {A|ax = 0} and the Liouville vector field 
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dual to A is outward transverse to dX. Let a G H‘^{X,dX) be a relative cohomol¬ 
ogy class. If n = 2 assume, in addition, that ^ is overtwisted. Then there exists a 
symplectic structure u on X with a conical singularity at p with an overtwisted link 
(^ 2 n-i^^) positive contact boundary (dX,^), and such that the cohomology class 
[cu] G H^{X\p,dX) = H'^{X,dX) coincides with a, and the homotopy class of uj\x\p 
as a non-degenerate form (relative to dX) coincides with rj. 


Remark 1.5. 1. In contrast with Theorem 1.4, constrnction of non-singular sym¬ 


plectic structures on X is severally constrained. For instance, according to Gromov’s 
theorem in dimension 4 and Eliashberg-Floer-Mcdnff’s theorem in higher dimensions, 
see [l3l[T5], any symplectic manifold (X, cu) bonnded by the standard contact sphere 
and satisfying the condition [c(;]| 7 r 2 (v) = 0 has to be diffeomorphic to a ball. 

2. It is interesting to compare the flexibility phenomenon for symplectic strnctures 


with conical singularities with overtwisted links, exhibited in Theorem |1.4[ with a 
similar flexibility phenomenon for Lagrangian manifolds with conical singularities 
with loose Legendrian links, which was uncovered in [S]. 


Theorem 1.4 implies the following 


Corollary 1.6. Let X be a closed manifold of dimension 2n > A which admits an 
almost complex structure on X \ p, p & X. Let a G H‘^{X) be any cohomology class. 
Then given any closed symplectic 2n-dimensional manifold (Z, oo) the connected sum 
XffZ admits a symplectic form with a conical singularity in the cohomology class 
a + C[uj\ for a sufficiently large constant C > 0. 


Proof. Choose a ball B <Z X and apply Theorem o to get a symplectic structure 
with conical singularity ux on X\ B, so that [oJx] = cl and d{X \ B,ux) = 
d+{X\B, OJx) — (5'^"'“^, ^std)- Then {X\B, oJx) can be implanted into any symplectic 
manifold Z provided that it admits a symplectic embedding of a sufficiently large 
symplectic ball. □ 


The assumption that in the 3-dimensional case the positive boundary is overtwisted 
is essential. In particular, see [201 HI] , 

Proposition 1.7. If there exists a A-dimensional symplectic cobordism (IF, cu, 
with an exact symplectic form oj and symplectically fillable contact structure f-, then 
there is no exact symplectic cobordism structure (IF,cu, (^_,(^+) with oj and oj in the 
same homotopy class of almost symplectic forms, so that is overtwisted. In par¬ 
ticular, for any fillable contact manifold there is no symplectic concordance 

(M X [—1,1], A) in either direction between and with an overtwisted f. 
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We do not know whether the condition dj^W 7 ^ 0 in Theorem 1.1 is essential when 
n > 2. We note, however, that Theorem IW implies that every overtwisted con¬ 
tact manifold {M,^) of dimension > 3 admits a symplectic cap, i.e. there exists a 
symplectic cohordism {W,u) with 9+IT = 0 and d-{W,u) = Indeed, the 

groups of complex bordisms is trivial in odd dimensions, see |T 8 ]. Hence, according 
to Theorem O there is a symplectic cobordism between (M, on the negative end 
and the standard contact sphere on the positive one, which then can be capped by 
any closed symplectic manifold, as in the proof of Corollary 1.6 A similar result for 


overtwisted contact 3-manifolds is proven in [10], and for general contact 3-manifolds 
in [ 6 | and [9]. 

First constructions of symplectic cobordisms between contact manifolds were based 
on the Weinstein handlebody construction, see [31221131 and Theorem |2.2| below. 
Examples of Liouville domains with disconnected contact boundary, and hence with 
non-trivial topology above middle dimension were constructed in na in dimension 
4, see also [T9|. This yielded construction of Liouville domains of dimension 2n 
with with non-trivial homology up to dimension ~ see m- Higher dimensional 


Liouville domains with disconnected boundary were constructed in [T 2 | and [T 6 |. See 
[niE 3 EB] for more constructions of non-Weinstein symplectic cobordisms. Related 
problems of (different flavors of) symplectic fillability and topology of symplectic 
hllings were extensively studied, especially in the contact 3-dimensional case. See 
Chris Wendl’s blog https://symplecticheldtheorist.wordpress.com/author/lmpshd/ 
for a survey and a discussion of related results and problems. We thank Chris Wendl 
for providing some of the above references. 


2 Direct and inverse Weinstein surgeries 

In what follows we will also consider symplectic and Liouville cobordisms between 
manifolds d±W with boundary, which we will usually view as sutured manifolds 
with corner along the suture. More precisely, we assume that the boundary dW 
is presented as a union of two manifolds dW^ and dj^W with common boundary 
d^W = (9+hF n d-W, along which it has a corner. See Figure 

Let us recall some basic dehnitions and statements from the Weinstein surgery theory, 
see [ 3 I 3 E 2 I- 

n 

Let ^ standard symplectic space. A Weinstein handle Wk of 


2.1 
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Fig. 2.1 : A Liouville cobordism W with corners. Note that d±W may be discon¬ 
nected. In the hgure, d^W has one closed component, and one component 
with boundary. 
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is inward transverse to and outward transverse to H^. We denote by ^k,± the 
contact structure on defined by the contact form Xkln'i- 

Let (Y,^) be a contact manifold. Given a contact embedding h- : ^ (X, 0^ 

consider a contact form a for ^ such that hLo; = \k\H'^ ■ Consider a trivial symplectic 
cobordism ([1 — e, 1] x F, d{sa)) and attach to it the handle ff4 with the embedding 
h_ : H'X = Y xl: 

W:=([l-£, l]xF)UWfc. 

h- 

We can arrange that the Liouville vector field on W smoothly extends the Liouville 
vector field on ([1—e, 1] x F). After smoothing the corners this gives us a Liouville 
cobordism with the contact manifold (F, on the negative end and a manifold (F, 
on the positive one. We say that (F,.^) is obtained from (F, ,^) by a direct Weinstein 
surgery of index k along h-{H^). 

Similarly, suppose we are given a contact embedding t {Y,^) and 

choose a contact form a for ^ such that h\a = Xklnl- Consider a trivial symplectic 
cobordism ([1,1 + e] x F, d{sa)) and attach to it the handle Wk with the embedding 
h+: H'l^Y = Y xl: 

W:=i[l,l + e]xY)UWk. 

h+ 

We can arrange that the Liouville vector field Zk on IF smoothly extends the Li¬ 
ouville vector field s-^ on ([1,1 + e] x F). After smoothing the corners this gives 
us a Liouville cobordism with the contact manifold (F, ,^) on the positive end and a 
manifold (F, on the negative one. We say that (F, is obtained from (F, by 
an inverse Weinstein surgery of index 2n — k along h^H^) (or along the coisotropic 
sphere /i+(A+)). 

Given a Liouville cobordism (IF, A) the above construction allows us to attach Wein¬ 
stein handles to its positive or negative boundaries. In other words, if we are given 
a contact embedding /i_ : {H^,^k-) —t ((9+lF, ^+), then we can attach an index 
k Weinstein handle to get a new Liouville cobordism (IF, A) D (IF, A) such that 
((9_1F = (9_1F) and (X := IF \ IntlF, A|x) is an elementary Weinstein cobordism 
between (9_|_1F and (9+IF with a single handle of index k. Similarly, given a contact em¬ 
bedding /i+ : (iL^, ik,-) —t ((9_1F, then we can attach an index (2n — k) Weinstein 
handle to get a new Liouville cobordism (IF, A) D (IF, A) such that (<9+IF = (9_|_1F) 
and {X := IF \ Int IF, A|x) is an elementary Weinstein cobordism between d-W and 
d-W with a single handle of index k. 

On the other hand, if we are given a Liouville embedding of the whole handle. 
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G : (Wk, \k) —)■ {W,d_W]\) then one can subtract the handle, thus obtaining 
a new Liouville cobordism (W, A) C (W, A) such that {d^W = d+W) and (X := 
W \ Int IV, A|x) is an elementary Weinstein cobordism between d-W and d-W with 
a single handle of index k. In fact, this operation is just determined by the isotropic 
embedding Gl/j, where D (Z is the core disc. 


The following lemma follows from the classihcation of overtwisted contact structures 
in [1], see above Theorem 1.2 1. 


Lemma 2.1. Let (X, he an overtwisted contact manifold. Then any formal contact 
embedding h± : (hf±,^fc,±) (Y,^) is isotopic to a genuine contact embedding. We 

can furthermore ensure that the complement of the image h±{H^) is overtwisted. 


Given a cobordism (IV, 9_1V, d+W) we say that the relative Morse type of (fV, d-W) 
is < k ii W admits a Morse function 0 : IV —)■ M with all critical points of index 
< k and whose gradient with respect to some metric is inward transverse to d-W 
and outward transverse to 9+IV (we do not require the function cf to be constant on 
d±W, in order to incorporate the case of d^W ^ 0). 


The following theorem is a corollary of Lemma 2.1 and the results from |S] (see also 
0 ) which were proved using Weinstein handlebody constructions: 


Theorem 2.2. Any 2n-dimensional almost complex cobordism (IV, J) such that 
the relative Morse type (IV, dW) is < n admits a Liouville structure (IV, A) such 
that the symplectic form d\ is in the formal homotopy class determined by J, and 
(9+lV, {A|a^vv = 0}) and {d-W^{\\d_w = 0}) are its positive and negative over¬ 
twisted contact boundaries, which are uniguely determined up to isotopy by the ho¬ 
motopy class of the almost complex structure J. 


The next proposition concerning an inverse Weinstein surgery on loose Legendrian 
knots is proven in [2] (see [21] for a dehnition of loose Legendrians). For the conve¬ 
nience of the reader we provide a modified proof here. 

Proposition 2.3. The inverse surgery on a loose Legendrian knot produces an over¬ 
twisted contact manifold. 

Proof. Let A C (V, be a loose Legendrian sphere. Note that for an arbitrary 
neighborhood of the 0-section U C T*A+ the inclusion A V extends to a contact 
embedding {U x [—1, l],dz — Agtd) —t Y. Present the sphere A as a union AU B := 
pi X X Then T*A = T*AAT*B and T*A = T*S^ x T*D^-^. Hence, 

we can choose the above neighborhood U which contains the product of arbitrary 
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large neighborhoods Ui and U 2 of the 0-sections in T*S^ and T*D'^ 

n—2 


We denote 


Liouville forms in T*S^ and by udt and ^ Pidqi, respectively. Let Lst be 

1 

a Legendrian stabilization of the 0-section L in the 3-dimensional contact manifold 
(Vi := Ui X [— + udt). By attaching an inverse 4-dimensional handle W2 
along Lst we get a symplectic cobordism X with d^X = Vi and d^X =: V{' which 
is overtwisted, because a parallel copy of the zero section T bounds a disk V{' and 
has 0 Thurston-Bennequin number. According to IZB there exists a Legendrian 
sphere Ast in a neighborhood of A which is Legendrian isotopic to A in (F, (^) and so 
that Ast r\ Vi X U2 = Lst X {p = 0}. Then the Liouville manifold which we get by 
attaching the inverse handle Wn along Agt contains the product X x U2, and hence 
its negative contact boundary contains V{' x f/ 2 . But the neighborhood of the 0- 
section U2 C T*D^~^ can be chosen arbitrarily large, and hence the resulted contact 
manifold is overtwisted by Theorem 1.2 2. □ 


Corollary 2.4 (see H). For any contact manifold (Y,f,) of dimension > 3 there ex¬ 
ists a Weinstein cobordism structure onW = Y xf)^ 1] between the contact structure 
on d+W ■.= Y X 1 and an overtwisted contact structure fot on d-W :=Y x 0. 

Proof. On the trivial Weinstein cobordism W = y x [0,1] deform the Weinstein 
structure to create two critical points a, b of index n — 1 and n, respectively. Let 
{Z, f^z) be the intermediate level set for this cobordism. Let T C y x 1 be the unstable 
Legendrian sphere for the contact structure f. Consider a stabilization T of T which 
is formally isotopic to T. By attaching an inverse handle Wn to (y = y x 1,^) 
along T we construct a Liouville cobordism between Z and Y with an overtwisted 
contact structure .^ot on Z. By Lemma 2.1 we can hnd a contact embedding of 
the coisotropic unstable sphere of the critical point a into (Z, ^ot), in a way that is 
smoothly isotopic to the original embedding of the coisotropic unstable sphere of a 
into {Z,f,z)- Hence one can add another inverse handle Wn-i to get a Weinstein 
structure on the cobordism Y x [0,1] with the contact structure f on the positive 
and an overtwisted contact structure on the negative one. □ 


3 Proof of Theorem 11.11 

We begin with two lemmas 

Lemma 3.1. Let Yi be a codimension 2 connected oriented submanifold of a 2n- 
dimensional almost complex manifold iW^J). Then J is homotopic to J for which 
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S is J-holomorphic (i.e. TS C TW is J-invariant) in a complement of a (2n — 2)- 
dimensional ball D cT,. If W is a manifold with boundary and (S,c}S) C {W,dW) 
a submanifold with non-empty boundary dYi then J is homotopic to J for which W 
is J-holomorphic everywhere. 

Proof. We construct J inductively over skeleta of S. Suppose that a C S is a /- 
dimensional, I < 2n — 2, simplex of S and that we already deformed J to make S 
J-holomorphic near da. In order to to make S J-holomorphic on Op a we choose a 
trivialization ei,..., e 2 n of TW\opa such that vector helds ci,..., e 2 n -2 are tangent 
to S. Furthermore, we can assume that Je 2 n-i = e 2 n on Op da. To make S J- 
holomorphic we need to arrange that Je 2 n-i = & 2 n on Op a. The obstruction to this 
lies in = 0 for I < 2n — 2. In the case when dY 7 ^ 0 it is sufficient to make 

Y J-hoIomorphic in a neighborhood of its (2n — 3)-skeleton. □ 

The next lemma is the main step in the construction. 

Lemma 3.2. Let (IT, J) be an almost complex 2n-dimensional cobordism, with d-W 
and dj^W both non-empty. Let (S,cIS) C (IT, 9+IT) be a codimension 2 submanifold 
which is J-holomorphic, and let X be a Liouville form on Y with an overtwisted 
conical singularity at p & Int S and with a positive contact boundary (9S, ker(A|as))- 
Suppose that 

(i) (S,cIS) is homologous to 0 in Jr 2 n- 2 (IT, (9+IT); 

(ii) Y has a trivial tubular neighborhood N = Y x D^; 

(Hi) (iA|s\p is in the homotopy class determined by J|s\p; 

(iv) {W \ Y, d-W) has its Morse type < n. 

Then there exists a Liouville cobordism structure K on W with overtwisted positive 
and negative contact ends (9±IT, and such that A|gs = A|as o-nd the symplectic 
form dA is in the homotopy class determined by J. 

Proof. Near p G S we write A = s(3, where (3 is an overtwisted contact form on 
and p = {s = 0}. Let {y/u,t) be polar coordinates on the factor of the tubular 
neighborhood N = Y x = {u < |}, and dehne a 1-form /!=(« — l)dt + A on 
(Y\p) X \ 0). Notice that dpi = du Adt + d\ is symplectic for s > 0, and extends 
as a sympletic form over {n = 0} \ {s = 0} since du A dt is dehned at u = 0. The 






3 Proof of Theorem 1.1 


11 



Fig. 3.1 : The structure of the cobordism W. 


homological condition fiij ensures that the form dt can be extended from iV \ E to 
all of FT \ S as a closed 1-form 9, supported away from d^W. 

Let {D = D^{2),dD) C {W^d+W) be a 2-disc with boundary in d+W which in¬ 
tersects E transversely at p and which is homotopic rel. dD to a disc in dj^W. 
Matching the coordinates on N, we let {y/u,t) be polar coordinates on D = {u < 2}. 
We can also ensure that 9\d = dt. Extend {D,dD) {W^Oj^W) to an inclusion 
j :U :={Dx gjj ^ T)2n-2) ^ gQ 

UnN = {s<l,u< -} G U = {s<1,m<2}. 

By deforming the almost complex structure J we can assume that j is J-holomorphic 
with respect to the product complex structure on H x D2n-2 ^ (J- X C"-i. 

Denote := dD x _D 2 n -2 _ _ 2 j g^^d H_ := D x = {s = 1}, so that 

dU = We extend the form p to U\{u = 0} by the formula p = {u—l)dt+s(3. 

Denote H_ = H_ \ Int N. Then and H_ are symplectically convex boundaries 
for the form p, which is Liouville away from {s = 0}. 

We dehne a contact form a on 9+FT \ (Int U E) as follows: 

• On N n dj^W \ E let a = /i = A -|- (u — l)dt, 
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• Near dH^, let a = s/3 + dt, 

• Elsewhere on c/+lE\ (Int i/+US) we let a be any contact form in the homotopy 
class determined by J, which is overtwisted in the complement of the previous 
two domains. 


Notice that a agrees with /r everywhere they overlap, therefore we extend p to the 
manifold y := {dN\U)V^{d+W\{NVJH+)) by/i|y = a. Denote X := iy\Int (XUD), 
then dX = F U H d.W. We dehne d.X = H_ U d.W and d+X = Y, so 
d^X = dH- = {m = |, s = l}. This dehnition agrees with the Liouville vector held 
of fi where it is already dehned: it points into X on and out of X on Y. Our 
next step is to extend /i to the structure of a Liouville cobordism with corners on X. 


The relative Morse type of {X, d-X) is no more than n. Indeed, compared to the 
decomposition of (IT\iV, d-W) one needs just two additional handles of index 1 and 
2. The contact manifold (iL_, ot := ) is overtwisted, if the form (3 is chosen small 

enough according to a result from [2], see Theorem 1.2[ 2 in this paper and Theorem 
10.2 in [T]. We chose /i|y = a previously so that (F,/i|y) is overtwisted, dually we 
let be the overtwisted contact structure on d_W in the homotopy class of J\d_w- 


Since all boundary components are overtwisted, there is, in view of Theorem |2.2 
a sequence of inverse Weinstein surgeries on (F,/i|y) which produces a Liouville 
cobordism (X, A) with (F, /i|y) on its positive side and an overtwisted (F, 5) on the 
negative side, so that X is diffeomorphic to X and there exists a contactomorphism 


h : (Lf_,kera) 11 —)■ (F,kera). 


Moreover, we can arrange that the contactomorphism h extends to a diffeomorphism 
h : X —)■ X which is equal to the identity on F and that h^J is homotopic to an 
almost complex structure which is compatible with dA. 

On H_ we have h*a = (pa, where the positive function (p satishes (plg^ =1 and 
(p\opdH.\aH. > 1. Take a G (0,min(/)), and denote Ga^ := {s < a, u < a + 1} C U. 
Consider the symplectization (M_|_ x H_, d{Ta)) of {H_, a), and notice that the subset 
(0,1] X iL_ can be identihed with the cone C_ := {1 — | < m < 1 + s} C f/ = {s < 
1,M < 2}, with the Liouville form ra identihed with fi. Denote C. := {cr < r < 
0} C M+ X iT_. By construction the contact form on is equal to the contact 

form on h*5|g Therefore we may smoothly identify X U with X U (C_ \ G^), 
with a diheomorphism h : X U (C- \ Gfj) —)■ X U C_ in such a way that the Liouville 
form fi [A U ra) = fi near d{X U {C_ \ Go))- We let A denote the extension of /x by 
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h* {A U ra). Since h is isotopic to h we see that dA agrees with the homotopy class 
of J. We also dehne the contact form a- on d-W hj a- = h*a = A\q_w- 


N 



C 




HI C+ //+ 


Fig. 3.2: The inside of the neighborhood U. 


Denote := {u > 1 + s} G U. At this point, we have dehned a Liouville form 
A everywhere on hh \ (S U Go- U G+), by gluing together fi and A. On we 
have A = (m — l)dt + s/3, which fails to be Liouville at s = 0. Near S we have 
A = {u — l)dt + A, so A is singular at m = 0. To £11 the gap G+ we will need the 
following 

Lemma 3.3. There exists a eontact form 7 on Hf := {s < a, m = 1 + cr} which for 
s near a coincides with s/3 + adt and such that 7 + df is a contact form of the same 
sign as 7 . 

Proof. Note that for any contact form 7 the form K'y + dt is contact if the constant 
K is large enough. Take a G (0, and let 7 be any contact form on Hf_ which is 
equal to s/3 + adt for s > a. Let iL > 0 be a constant such that iLy + dt is contact 
over Hf O {s < a}. We claim that there exists a function / : [a, a] —)■ [l,K] such 
that / = 1 near a and to K near a and such that 



( 1 ) 


or equivalently 


(^P{s)Af{s)Asf'{s) > 0. 


(2) 
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This inequality implies that the form 


7 : = 


f{s){s/3 + adt), 

Kj, 


s e [a,cr], 
s < a 


has the required properties. To construct / which satishes Q consider hrst the 
function 


/(s) 


K{a — a) 

{K — l)s + cr — Ka 


Then /(a) = 1 and /(a) = K This function also satishes the inequality ([^. Indeed, 
hrst observe that 


{K — l)s + a — Ka = K{s — a) + (a — s) > 0. 


Then we have 

{K{s - a) + {a - s))^ 


K{a — a) 


[op + / + sf) = Ka^ — aKa + a — Ka 


= K{a + 1) 


+ - 
^ ^ K 

(J + 1 


> K{a + l) 


a 


+ - 
o -r ^ 


a + 1 cr + 1 


> 0 . 


We also note that / > 1 and f'{s) < 0 if iT > 1. Hence, the inequality ([^ remains 
valid if one decreases |/Xs)| without changing /. This allows us to to make the 
function / constant near the end points of the interval [a, a] without violating the 
inequality (j^ . □ 


Using Lemma 


3.3 


we extend A to be equal to ry on (7+, where we are identifying (7+ 
with the piece of symplectization ([1, x ry). Note that the form 


coincides with p = (u — l)dt + s/3. In particular, on OpdHj^ C 9+IU the form a 
coincides with the restriction of A, and therefore we can extend a to as equal to 


A|h+- 

Recall that on Af fl 9+IU we have a = K\d^w = {u — l)dt + A|as, and a is contact 
everywhere outside of {u = 0} where a is undehned. We attach to lU a cylindrical 
collar d+W x [1, C] along djpV by identifying d+W C W with d+W x {1} C d+W x 
[1,(7]. On the set {u < 1} x [1,(7] <Z N n d+W x [1,(7] we extend A as A = 
\u — l)dt + rA|as where r G [1, C]. On {d+W \ {m < 1}) x [1, C] we dehne A = ra. 
The two definitions agree on A := (cI+IU \ {u = 1}) x [1,(7]. Hence, by a small 
adjustment of A on Op A we can arrange that A is a smooth Liouville form on the 
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attached collar. We extend the closed 1-form 6 to the collar as its pull-back by the 
projection d+W x [1,C] —)■ d+W. 

We now let A = A -|- 6'. A is contact on dG„ = {s = a, m < 1 -|- a} U since 
it is equal to (5 + udt or 7 -|- dt, respectively. On {m < 1} x {C} C 9+W x {C} 
we have A = OA|as + udt which is contact, and on \ {u < 1}) x {C} we 

have A = Ca + 6, which is contact for sufficiently large C. Also dA = dA, so A is 
symplectic everywhere on W\Ga, that is, A is a Liouville structure on W \ Go- with 
convex boundary d^W and concave boundary W If OG^- 


Finally, we choose an arc £ and subtract from W the Weinstein handle Wi with the 
core disc D = i, thus getting a Weinstein cobordism whose new negative boundary 
is a connected sum d_Wi4i^dG^ along i. The contact structure ker(A|a_vi/^^gG^) 
is isotopic to since both are overtwisted contact structures in the same almost 
contact class, see [1] and the above Theorem 1.2 The contact structure := 
{A|a_^vv = 0 } is overtwisted by construction. 

□ 


Proof of Theorem 1.1 First note that if n > 2 then for any contact structure f 
on djfW there is a Liouville concordance between ^ on the positive end and an 
overtwisted contact structure ^ot on the negative one, see Corollary |2.4| above. Hence, 


it is sufficient to prove Theorem 1.1 for the case when both contact structures 
are overtwisted. We prove the theorem by induction over the dimension 2n. For 
n = 1 the statement is trivially true. Suppose it is already proven in the ( 2 n — 2 )- 
dimensional case. 

It is sufficient to prove the result for an elementary cobordism W corresponding to 
a Morse function with just one critical point of index fc = l,...,2n — 1. li k < n 
then the result follows from the Weinstein surgery theory, see [SIE 1 E 2 ] and Section 
[ 2 ] above. 

Let (IF, J) be an elementary almost complex cobordism attaching a handle of index 
k > n. Let be overtwisted contact structures on d±W compatible with J. Let 
(A,c}A) C {W,d+W) be the co-core disc of dimension I = 2n — k < n. The normal 
bundle z/ to A in TW is trivial, so we can consider a splitting of its tubular neigh¬ 
borhood U = A X X D^. Denote S := A x dD^~^ x 0 C t/. Using Lemma 3T 
we deform J to make S J-holomorphic in a complement of a ball B G T. Using [T], 
1 above, we can realize stable almost complex structures J\dB and 


1.2 


see Theorem 

J|aE as overtwisted contact structures C=f, so that {dB, (_) and (9S, are, negative 
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and positive (or J-concave and J-convex) bonndaries of the almost complex cobor- 
dism (S \ Inti?, J). Then the indnctional hypothesis yields a Lionville strnctnre A 
on S \ Inti? in the given almost complex class J with contact ends Moreover, 
the overtwistedness of allows ns to realize (ciS, C+) as a contact snbmanifold of 

(SS,«+). 


Finally, we observe that {W \ S, d-W) has Morse type eqnal to 2n — fc + 1 < n. 
Therefore, we can apply Lemma 3.2| to extend the Lionville form A to the reqnired 
Lionville form A on hF. □ 
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